ABSTRACT. In this article we consider a version of the geography question for simply-connected symplectic 4-manifolds that takes into account the divisibility of the canonical class as an additional parameter. We also find new examples of 4-manifolds admitting several symplectic structures, inequivalent under deformation and self-diffeomorphisms of the manifold.
In this article we are interested in the geography of simply-connected closed symplectic 4-manifolds whose canonical classes have a given divisibility. The geography question in general aims at finding for any given pair of integers (x, y) a closed 4-manifold M with some a priori specified properties (e.g. irreducible, spin, simply-connected, symplectic or complex) such that the Euler characteristic e(M ) equals x and the signature σ(M ) equals y. This question has been considered for simply-connected symplectic 4-manifolds both in the spin and non-spin case for example in [21, 44, 45, 46] . Some further references are [13, 14, 47, 48] . We are interested in the same question for simply-connected symplectic 4-manifolds whose canonical class, considered as an element in second cohomology with integer coefficients, is divisible by a given integer d > 1. Since the canonical class is characteristic, the first case d = 2 corresponds to the general case of spin symplectic 4-manifolds.
Geography questions are often formulated in terms of the invariants c 2 1 and χ h instead of e and σ, which for smooth closed 4-manifolds are defined by For complex 4-manifolds these numbers have the same value as the square of the first Chern class and the holomorphic Euler characteristic, making the definitions consistent.
The constructions used in this article depend on generalized fibre sums of symplectic manifolds, also known as Gompf sums or normal connected sums [21, 37] , in particular in the form of knot surgery [16] and a generalized version of knot surgery along embedded surfaces of higher genus [18] . Some details on the generalized fibre sum can be found in Section 2.
In Sections 4, 6 and 7 we consider the case c 2 1 = 0 and the spin and non-spin cases for c 2 1 > 0 and negative signature, while the case c 2 1 < 0 is covered at the end of Section 1. We did not try to consider the case of non-negative signature, since even without a restriction on the divisibility of the canonical class such simplyconnected symplectic 4-manifolds are known to be difficult to find.
As a consequence of these geography results there often exist at the same lattice point in the (χ h , c 2 1 )-plane several simply-connected symplectic 4-manifolds whose canonical classes have pairwise different divisibilities. It is natural to ask whether the same smooth 4-manifold can admit several symplectic structures with canonical classes of different divisibilities. This question is considered in Sections 8 and 9. The symplectic structures with this property are inequivalent under deformations and orientation preserving self-diffeomorphisms of the manifold. Similar examples have been found before on homotopy elliptic surfaces by McMullen and Taubes [38] , Smith [52] and Vidussi [56] . Another application of the geography question to the existence of inequivalent contact structures on certain 5-manifolds can be found in [25] .
In the final part of this article an independent construction of simply-connected symplectic 4-manifolds with divisible canonical class is given by finding complex surfaces of general type with divisible canonical class. The construction uses branched coverings over smooth curves in pluricanonical linear systems |nK|.
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GENERAL RESTRICTIONS ON THE DIVISIBILITY OF THE CANONICAL CLASS
We begin by deriving a few general restrictions for symplectic 4-manifolds admitting a symplectic structure whose canonical class is divisible by an integer d > 1.
Let (M, ω) be a closed, symplectic 4-manifold. The canonical class of the symplectic form ω, denoted by K, is defined as
where J is an almost complex structure compatible with ω. The self-intersection number of K is given by the formula The case c 2 1 (M ) = 0 is special, since there are no restrictions from this lemma (see Section 4) . For the general case of spin symplectic 4-manifolds (d = 2) we recover the constraint that c 2 1 is divisible by 8. Further restrictions come from the adjunction formula
where C is an embedded symplectic surface of genus g, oriented by the restriction of the symplectic form.
Lemma 2. Let (M, ω) be a closed symplectic 4-manifold. Suppose that the canonical class K is divisible by an integer d.
• If M contains a symplectic surface of genus g and self-intersection 0, then d divides 2g − 2.
• If d = 1, then M is minimal. If the manifold M is in addition simplyconnected, then it is irreducible.
Proof. The first part follows immediately by the adjunction formula. If M is not minimal, then it contains a symplectically embedded sphere S of self-intersection (−1). The adjunction formula can be applied and yields K · S = −1, hence K has to be indivisible. The claim about irreducibility follows from [26, Corollary 1.4 ].
The canonical class of a 4-manifold M with b + 2 ≥ 2 is a Seiberg-Witten basic class, i.e. it has non-vanishing Seiberg-Witten invariant. This implies that only finitely many classes in H 2 (M ; Z) can occur as the canonical classes of symplectic structures on M . The following is proved in [35] . For the proofs see [20] , [42] and [58] . Choosing φ as the identity diffeomorphism, an immediate consequence of the second part of this theorem is: The corresponding statement is not true in general for the canonical classes of symplectic structures on minimal 4-manifolds with b + 2 > 1. There exist such 4-manifolds M which admit several symplectic structures whose canonical classes in H 2 (M ; Z) are not equal up to sign. In addition, such examples can be constructed where the canonical classes cannot be permuted by orientation-preserving self-diffeomorphisms of the manifold [38, 52, 56] , for example because they have different divisibilities as elements in integral cohomology (cf. the examples in Sections 8 and 9).
It is useful to define the (maximal) divisibility of the canonical class in the case that H 2 (M ; Z) is torsion free. Definition 6. Suppose H is a finitely generated free abelian group. For a ∈ H let d(a) = max{k ∈ N 0 | there exists an element b ∈ H, b = 0, with a = kb}.
We call d(a) the divisibility of a (or sometimes, to emphasize, the maximal divisibility). With this definition the divisibility of a is 0 if and only a = 0. We call a indivisible if d(a) = 1.
In particular, if M is a simply-connected manifold the integral cohomology group H 2 (M ; Z) is torsion free and the divisibility of the canonical class K ∈ H 2 (M ; Z) is well-defined.
Proposition 7.
Suppose that M is a simply-connected closed 4-manifold which admits at least two symplectic structures whose canonical classes have different divisibilities. Then M is not diffeomorphic to a complex surface.
Proof. The assumptions imply that M has a symplectic structure whose canonical class has divisibility = 1. By Lemma 2 the manifold M is (smoothly) minimal and by Theorem 3 it has b + 2 > 1. Suppose that M is diffeomorphic to a complex surface. The Kodaira-Enriques classification implies that M is diffeomorphic to an elliptic surface E(n) p,q with n ≥ 2 and p, q coprime or to a surface of general type.
Consider the elliptic surfaces E(n) p,q for n ≥ 2 and denote the class of a general fibre by F . The Seiberg-Witten basic classes of these 4-manifolds are known [15] . They consist of the set of classes of the form kf where f denotes the indivisible class f = F/pq and k is an integer
Suppose that ω is a symplectic structure on E(n) p,q with canonical class K. By a theorem of Taubes [53, 33] the inequality
holds for any basic class c, with equality if and only if K = ±c, and the number K · [ω] is positive if K is non-zero. It follows that the canonical class of any symplectic structure on E(n) p,q is given by ±(npq − p − q)f , hence there is only one possible divisibility. This follows for surfaces of general type by the first part of Theorem 4.
We now consider the geography question for manifolds with c 2 1 < 0. The following theorem is due to C. H. Taubes [54] in the case b + 2 ≥ 2 and to A.-K. Liu [36] in the case b + 2 = 1. Theorem 8. Let M be a closed, symplectic 4-manifold. Suppose that M is minimal.
•
2 (M ) = 1 and K 2 < 0, then M is a ruled surface, i.e. an S 2 -bundle over a surface (of genus ≥ 2).
Since ruled surfaces over irrational curves are not simply-connected, any simplyconnected, symplectic 4-manifold M with c 2 1 (M ) < 0 is not minimal. By Lemma 2 this implies that K is indivisible, d(K) = 1.
Let (χ h , c 2 1 ) = (n, −r) be a lattice point with n, r ≥ 1 and M a simplyconnected symplectic 4-manifold with these invariants. Since M is not minimal, we can successively blow down r (−1)-spheres in M to get a simply-connected symplectic 4-manifold N with invariants (χ h , c 2 1 ) = (n, 0) such that there exists a diffeomorphism M = N #rCP 2 .
Conversely, consider the manifold
Then M is a simply-connected symplectic 4-manifold with indivisible K. Since χ h (E(n)) = n and c 2 1 (E(n)) = 0, this implies (χ h (M ), c 2 1 (M )) = (n, −r). Hence the point (n, −r) can be realized by a simply-connected symplectic 4-manifold.
THE GENERALIZED FIBRE SUM
In this section we recall the definition of the generalized fibre sum from [21, 37] and fix some notation, used in [25] . Let M and N be closed oriented 4-manifolds which contain embedded oriented surfaces Σ M and Σ N of genus g and self-intersection 0. We choose trivializations of the form Σ g × D 2 for tubular neighbourhoods of the surfaces Σ M and Σ N . The generalized fibre sum
is then formed by deleting the interior of the tubular neighbourhoods and gluing the resulting manifolds M and N along their boundaries Σ g × S 1 , using a diffeomorphism which preserves the meridians to the surfaces, given by the S 1 -fibres, and reverses the orientation on them. The closed oriented 4-manifold can depend on the choice of trivializations and gluing diffeomorphism. The trivializations of the tubular neighbourhoods also determine push-offs of the central surfaces Σ M and Σ N into the boundary. Under inclusion the push-offs determine surfaces Σ X and Σ X of self-intersection 0 in the 4-manifold X. In general, these surfaces do not represent the same homology class in X but differ by a rim torus. However, if the gluing diffeomorphism is chosen such that it preserves also the Σ g -fibres in Σ g × S 1 , then the push-offs get identified to a well-defined surface Σ X in X.
Suppose that the surfaces Σ M and Σ N represent indivisible non-torsion classes in the homology of M and N . We can then choose surfaces B M and B N in M and N which intersect Σ M and Σ N in a single positive transverse point. These surfaces with a disk removed can be assumed to bound the meridians to Σ M and Σ N in the manifolds M and N , hence they sew together to give a surface B X in X.
The second cohomology of M can be split into a direct sum
where P (M ) denotes the orthogonal complement to the subgroup ZΣ M ⊕ ZB M in H 2 (M ; Z) with respect to the intersection form Q M . The restriction of the intersection form to the last two summands is given by
This form is unimodular, hence the restriction of the intersection form to P (M ) (modulo torsion) is unimodular as well. There exists a similar decomposition for the second cohomology of N .
Theorem 9. Suppose that the integral cohomology of M , N and X is torsion-free and the surfaces Σ M and Σ N represent indivisible classes. If rim tori do not exist in the fibre sum X = M # Σ M =Σ N N , then the second cohomology of X splits as a direct sum
where
The restriction of the intersection form Q X to P (X) is the direct sum of the restrictions of Q M and Q N and the restriction to ZΣ X ⊕ ZB X is of the form
A proof for this theorem can be found in [25, Section V.3.5] . It implies that there exist monomorphisms of abelian groups of both H 2 (M ; Z) and H 2 (N ; Z) into H 2 (X; Z) given by
and similarly for N . The monomorphisms do not preserve the intersection form if
The following lemma is sometimes useful in checking the conditions for Theorem 9 (the proof follows from Sections V.2 and V.3 in [25] ).
Lemma 10. Let X = M # Σ M =Σ N N be a generalized fibre sum along embedded surfaces of self-intersection 0. Suppose that the map on integral first homology induced by one of the embeddings, say Σ N → N , is an isomorphism. Then rim tori do not exist in X. If in addition one of the surfaces represents an indivisible homology class, then
Suppose that M and N are symplectic 4-manifolds and Σ M and Σ N symplectically embedded. We orient both surfaces by the restriction of the symplectic forms. Then the generalized fibre sum X also admits a symplectic structure. The canonical class K X can be calculated by the following formula:
Theorem 11. Under the assumptions of Theorem 9 and the embeddings of the cohomology of M and N into the cohomology of X given by equation (1), we have
A proof can be found in [25, Section V.5] . The formula for g = 1 has been proved in [52] and a related formula for arbitrary g can be found in [30] .
THE KNOT SURGERY CONSTRUCTION
The following construction due to Fintushel and Stern [16] is used frequently in the following sections. Let K be a knot in S 3 and denote a tubular neighbourhood of K by νK ∼ = S 1 × D 2 . Let m be a fibre of the circle bundle ∂νK → K and use an oriented Seifert surface for K to define a section l : K → ∂νK. The circles m and l are called the meridian and the longitude of K. Let M K be the closed 3-manifold obtained by 0-Dehn surgery on K. The manifold M K is constructed in the following way: Consider S 3 \ int νK and let
be a diffeomorphism which maps the circle ∂D 2 onto l. Then one defines
The manifold M K is determined by this construction uniquely up to diffeomorphism. One can show that it has the same integral homology as S 2 × S 1 . The meridian m, which bounds the fibre in the normal bundle to K in S 3 , becomes non-zero in the homology of M K and defines a generator for H 1 (M K ; Z). The longitude l is null-homotopic in M K , since it bounds one of the D 2 -fibres glued in. This disk fibre together with the Seifert surface of K determine a closed, oriented surface B K in M K which intersects m once and generates H 2 (M K ; Z). We consider the closed, oriented 4-manifold M K × S 1 . It contains an embedded torus T K = m × S 1 of self-intersection 0, which has a framing coming from a canonical framing of m. Let X be an arbitrary closed, oriented 4-manifold, which contains an embedded torus T X of self-intersection 0, representing an indivisible homology class. Then the result of knot surgery on X is given by the generalized fibre sum
Here we have implicitly chosen a trivialization of the form T 2 × D 2 for the tubular neighbourhood of the torus T X . We choose a gluing diffeomorphism which preserves both the T 2 -factor and the S 1 -factor on the boundaries of the tubular neighbourhoods and reverses orientation on the S 1 -factor (the smooth 4-manifold X K might depend on the choice of the framing for T X ). The embedded torus of self-intersection 0 in X K , defined by identifying the push-offs, is denoted by T X K . The closed surface B K in the 3-manifold M K determines under inclusion a closed surface in the 4-manifold M K × S 1 , denoted by the same symbol. It intersects the torus T K in a single transverse point. We also choose a surface B X in X intersecting T X transversely and geometrically once. Both surfaces sew together to determine a surface B X K in X K which intersects the torus T X K in a single transverse point.
We assume that the cohomology of X is torsion free. From [16] it is known that there exists an isomorphism
preserving intersection forms. In the notation of Section 2 this follows, because
In addition, the self-intersection number of B X K is equal to the self-intersection number of B X , because the class B K has zero selfintersection (it can be moved away in the S 1 direction). The claim then follows from Theorem 9 and Lemma 10.
In particular, assume that both X and X = X \ T X are simply-connected. Since the fundamental group of M K × S 1 is normally generated by the image of the fundamental group of T K under inclusion, it follows that X K is again simplyconnected, hence by Freedman's theorem [19] the manifolds X and X K are homeomorphic. However, one can show with Seiberg-Witten theory that X and X K are in many cases not diffeomorphic [16] .
Suppose that K is a fibred knot, i.e. there exists a fibration
over the circle, where the fibres Σ h are punctured surfaces of genus h forming Seifert surfaces for K. Then M K is fibred by closed surfaces B K of genus h. This induces a fibre bundle
T 2 and the torus T K = m × S 1 is a section of this bundle. By a theorem of Thurston [55] the manifold M K × S 1 admits a symplectic form such that T K and the fibres are symplectic. This construction can be used to do symplectic generalized fibre sums along T K if the manifold X is symplectic and the torus T X symplectically embedded. The canonical class of M K × S 1 can be calculated by the adjunction formula, because the fibres B K and the torus T K are symplectic surfaces and form a basis of H 2 (M K × S 1 ; Z):
The canonical class of the symplectic 4-manifold X K is then given by [16] (3)
cf. Theorem 11.
4. SYMPLECTIC 4-MANIFOLDS WITH c 2 1 = 0 Having covered the case c 2 1 < 0 already in Section 1, we now consider the case c 2 1 = 0.
Definition 12.
A closed, simply-connected 4-manifold M is called a homotopy elliptic surface if M is homeomorphic to a relatively minimal, simply-connected elliptic surface, i.e. to a complex surface of the form E(n) p,q with p, q coprime and n ≥ 1.
For details on the surfaces E(n) p,q see [24, Section 3.3] . By definition, homotopy elliptic surfaces M are simply-connected and have invariants
The integer n is equal to χ h (M ). In particular, symplectic homotopy elliptic surfaces have K 2 = 0. There exists the following converse.
Lemma 13. Let M be a closed, simply-connected, symplectic 4-manifold with K 2 = 0. Then M is a homotopy elliptic surface.
Proof. Since M is almost complex, the number χ h (M ) is an integer. The Noether formula
is divisible by 12, hence e(M ) = 12k for some k > 0. Together with the equation
it follows that σ(M ) = −8k. Suppose that M is non-spin. If k is odd, then M has the same Euler characteristic, signature and type as E(k). If k is even, then M has the same Euler characteristic, signature and type as the non-spin manifold E(k) 2 . Since M is simply-connected, M is homeomorphic to the corresponding elliptic surface by Freedman's theorem [19] . Suppose that M is spin. Then the signature is divisible by 16 due to Rochlin's theorem. Hence the integer k above has to be even. Then M has the same Euler characteristic, signature and type as the spin manifold E(k). Again by Freedman's theorem the 4-manifold M is homeomorphic to E(k).
Lemma 14.
Suppose that M is a symplectic homotopy elliptic surface such that the divisibility of K is even. Then χ h (M ) is even.
Proof. The assumption implies that M is spin. The Noether formula then shows that χ h (M ) is even, since K 2 = 0 and σ(M ) is divisible by 16.
The next theorem shows that this is the only restriction on the divisibility of the canonical class K for symplectic homotopy elliptic surfaces.
Theorem 15 (Homotopy elliptic surfaces). Let n and d be positive integers. If n is odd, assume in addition that d is odd. Then there exists a symplectic homotopy elliptic surface (M, ω) with χ h (M ) = n whose canonical class K has divisibility equal to d.
Note that there is no constraint on d if n is even.
Proof. If n is equal to 1 or 2, the symplectic manifold can be realized as an elliptic surface. The canonical class of an elliptic surface E(n) p,q with p, q coprime is given by
where f is indivisible and F = pqf denotes the class of a general fibre. For n = 1 and d odd we can take the surface E(1) d+2,2 , since
For n = 2 and d arbitrary we can take E(2) d+1 = E(2) d+1,1 , since
We now consider the case n ≥ 1 in general and separate the proof into several cases. Suppose that d = 2k and n = 2m are both even with k, m ≥ 1. Consider the elliptic surface E(n). It contains a general fibre F which is an embedded symplectic torus of self-intersection 0. In addition, it contains a rim torus R which arises from a decomposition of E(n) as a fibre sum E(n) = E(n − 1)# F E(1), cf. [23] and Example 30. The rim torus R has self-intersection 0 and there exists a dual (Lagrangian) 2-sphere S with intersection RS = 1. We can assume that R and S are disjoint from the fibre F . The rim torus is in a natural way Lagrangian. By a perturbation of the symplectic form we can assume that it becomes symplectic. We give R the orientation induced by the symplectic form. The proof consists in doing knot surgery along the fibre F and the rim torus R. Let K 1 be a fibred knot of genus g 1 = m(k − 1) + 1. We do knot surgery along F with the knot K 1 to get a new symplectic 4-manifold M 1 . The elliptic fibration E(n) → CP 1 has a section showing that the meridian of F , which is the S 1 -fibre of ∂νF → F , bounds a disk in E(n) \ int νF . This implies that the complement of F in E(n) is simply-connected, hence the manifold M 1 is again simply-connected. By the knot surgery construction the manifold M 1 is homeomorphic to E(n). The canonical class is given by formula (3):
Here we have identified the cohomology of M 1 and E(n) under the isomorphism in equation (2) . The rim torus R still exists as an embedded oriented symplectic torus in M 1 with a dual 2-sphere S, because we can assume that the knot surgery takes place in a small neighbourhood of F disjoint from R and S. In particular, the complement of R in M 1 is simply-connected. Let K 2 be a fibred knot of genus g 2 = k and M the result of knot surgery on M 1 along R. Then M is a simplyconnected symplectic 4-manifold homeomorphic to E(n). The canonical class of M is given by K = 2mkF + 2kR.
The cohomology class K is divisible by 2k. The sphere S sews together with a Seifert surface for the knot K 2 to give a surface C in M with C · R = 1 and
Suppose that d = 2k + 1 and n = 2m + 1 are both odd with k ≥ 0 and m ≥ 1. We consider the elliptic surface E(n) and do a similar construction. Let K 1 be a fibred knot of genus g 1 = 2km + k + 1 and do knot surgery along F as above. We get a simply-connected symplectic 4-manifold M 1 with canonical class
Next we consider a fibred knot K 2 of genus g 2 = 2k + 1 and do knot surgery along the rim torus R. The result is a simply-connected symplectic 4-manifold M homeomorphic to E(n) with canonical class
The class K is divisible by (2k + 1). The same argument as above shows that there exists a surface C in M with C · K = 2(2k + 1). We claim that the divisibility of K is precisely (2k + 1): This follows because M is still homeomorphic to E(n) by the knot surgery construction. Since n is odd, the manifold M is not spin and hence 2 does not divide K (an explicit surface with odd intersection number can be constructed from a section of E(n) and a Seifert surface for the knot K 1 . This surface has self-intersection number −n and intersection number (2m+1)(2k +1) with K.)
To cover the remaining case m = 0 (corresponding to n = 1) we can do knot surgery on the elliptic surface E(1) along a general fibre F with a knot K 1 of genus g 1 = k + 1. The resulting manifold M 1 has canonical class
Suppose that d = 2k + 1 is odd and n = 2m is even with k ≥ 0 and m ≥ 1. We consider the elliptic surface E(n) and first perform a logarithmic transformation along F of index 2. Let f denote the multiple fibre such that F is homologous to 2f . There exists a 2-sphere in E(n) 2 which intersects f in a single point (for a proof see the following lemma). In particular, the complement of f in E(n) 2 is simply-connected. The canonical class of E(n) 2 = E(n) 2,1 is given by
We can assume that the torus f is symplectic (e.g. by considering the logarithmic transformation to be done on the complex algebraic surface E(n), resulting in the complex algebraic surface E(n) 2 ). Let K 1 be a fibred knot of genus g 1 = 4km + k + 2 and do knot surgery along f with K 1 as above. The result is a simplyconnected symplectic 4-manifold homeomorphic to E(n) 2 . The canonical class is given by
We now consider a fibred knot K 2 of genus g 2 = 2k + 1 and do knot surgery along the rim torus R. We get a simply-connected symplectic 4-manifold M homeomorphic to E(n) 2 with canonical class
A similar argument as above shows that the divisibility of K is d = 2k + 1.
Lemma 16. Let p ≥ 1 be an integer and f the multiple fibre in E(n) p . Then there exists a sphere in E(n) p which intersects f transversely in one point.
Proof. We can think of the logarithmic transformation as gluing
It intersects f once and its boundary maps under φ to a certain simple closed curve on ∂νF . Since E(n)\int νF is simply-connected, this curve bounds a disk in E(n)\int νF . The union of this disk and the disk { * } × D 2 is a sphere in E(n) p which intersects f transversely once.
Remark 17. Under the assumptions of Theorem 15 it is possible to construct infinitely many homeomorphic but pairwise non-diffeomorphic symplectic homotopy elliptic surfaces (M r ) r∈N with χ h (M r ) = n, whose canonical classes all have divisibility equal to d. This follows because we can vary in each case the knot K 1 and its genus g 1 without changing the divisibility of the canonical class. The claim then follows by the formula for the Seiberg-Witten invariants of knot surgery manifolds [16] .
GENERALIZED KNOT SURGERY
Symplectic manifolds with c 2 1 > 0 and divisible canonical class can be constructed with a version of knot surgery for higher genus surfaces described in [18] . Let K = K h denote the (2h + 1, −2)-torus knot, which is a fibred knot of genus h. Consider the manifold M K × S 1 from the knot surgery construction, cf. Section 3. This manifold has the structure of a Σ h -bundle over T 2 :
We denote a fibre of this bundle by Σ F . The fibration defines a trivialization of the normal bundle νΣ F . We form g consecutive generalized fibre sums along the fibres Σ F to get
The gluing diffeomorphism is chosen such that it identifies the Σ h fibres in the boundary of the tubular neighbourhoods. This implies that Y g,h is a Σ h -bundle over Σ g :
We denote the fibre again by Σ F . The fibre bundle has a section Σ S sewed together from g torus sections of M K × S 1 . Since the knot K is a fibred knot, the manifold M K × S 1 admits a symplectic structure such that the fibre and the section are symplectic. By the Gompf construction this is then also true for Y g,h .
The invariants of the 4-manifold Y g,h can be calculated by standard formulas, cf. [46, Lemma 2.4]:
By induction on g one can show that the fundamental group π 1 (Y g,h ) is normally generated by the image of π 1 (Σ S ) under inclusion [18, Proposition 2] . This fact, together with the exact sequence
coming from the long exact homotopy sequence for the fibration Σ F → Y g,h → Σ g by abelianization, shows that the inclusion Σ S → Y g,h induces an isomorphism on H 1 and the inclusion Σ F → Y g,h induces the zero map. In particular, the homology group H 1 (Y g,h ; Z) is free abelian of rank
This implies with the formula for the Euler characteristic above
The summand 4h(g − 1) results from 2h split classes (or vanishing classes) together with 2h dual rim tori which are created in each fibre sum. The split classes are formed in the following way: In each fibre sum, the interior of a tubular neighbourhood νΣ F of a fibre on each side of the sum is deleted and the boundaries ∂νΣ F glued together such that the fibres inside the boundary get identified pairwise. Since the inclusion of the fibre Σ F into M K × S 1 induces the zero map on first homology, the 2h generators of H 1 (Σ h ), where Σ h is considered as a fibre in ∂νΣ F , bound surfaces in M K ×S 1 minus the interior of the tubular neighbourhood νΣ F . The split classes arise from sewing together surfaces bounding corresponding generators on each side of the fibre sum. Fintushel and Stern show that in the case above there exists a basis for the group of split classes consisting of 2h(g − 1) disjoint surfaces of genus 2 and self-intersection 2. This implies
where the last summand is the intersection form on (ZΣ S ⊕ ZΣ F ). They also show that the canonical class of Y g,h is given by
where Σ S and Σ F are oriented by the symplectic form.
Suppose that M is a closed symplectic 4-manifold which contains a symplectic surface Σ M of genus g and self-intersection 0, oriented by the symplectic form and representing an indivisible homology class. We can then form the symplectic generalized fibre sum
If the manifolds M and M \ Σ M are simply-connected, then X is again simplyconnected because the fundamental group of Y g,h is normally generated by the image of π 1 (Σ S ). Since the inclusion of the surface Σ S in Y g,h induces an isomorphism on first homology, it follows by Theorem 9 and Lemma 10 that
The surface B X is sewed together from a surface B M in M with B M Σ M = 1 and the fibre Σ F in the manifold Y g,h . Since Σ 2 F = 0, the embedding H 2 (M ; Z) → H 2 (X; Z) given by equation (1) preserves the intersection form. Therefore we can write
with intersection form
The invariants of X are given by
The canonical class of X can be calculated by Theorem 11
where the isomorphism in equation (4) is understood (this formula follows also from the calculation of Seiberg-Witten invariants in [18] ). The formula in equation (5) is a generalization of the formula in (3). In particular we get:
Proposition 18. Let M be a closed, symplectic 4-manifold which contains a symplectic surface Σ M of genus g > 1 and self-intersection 0. Suppose that π 1 (M ) = π 1 (M \ Σ M ) = 1 and that the canonical class of M is divisible by d.
• If d is odd, there exists for every integer t ≥ 1 a simply-connected symplectic 4-manifold X with invariants
and canonical class divisible by d.
• If d is even, there exists for every integer t ≥ 1 a simply-connected symplectic 4-manifold X with invariants 6. SPIN SYMPLECTIC 4-MANIFOLDS WITH c 2 1 > 0 AND NEGATIVE SIGNATURE We can apply the construction from the previous section to the symplectic homotopy elliptic surfaces constructed in Theorem 15. In this section we consider the case of even divisibility d and in the following section the case of odd d.
Recall that in the first case in the proof of Theorem 15 we constructed a simplyconnected symplectic 4-manifold M from the elliptic surface E(2m) by doing knot surgery along a general fibre F with a fibred knot K 1 of genus g 1 = (k − 1)m + 1 and a further knot surgery along a rim torus R with a fibred knot K 2 of genus g 2 = k. Here 2m ≥ 2 and d = 2k ≥ 2 are arbitrary even integers. The canonical class is given by
The manifold M is still homeomorphic to E(2m). There exists an embedded 2-sphere S in E(2m) of self-intersection −2 which intersects the rim torus R once. The sphere S is in a natural way Lagrangian [1] . We can assume that S is disjoint from the fibre F and by a perturbation of the symplectic structure on E(2m) that the regular fibre F , the rim torus R and the dual 2-sphere S are all symplectic and the symplectic form induces a positive volume form on each of them, cf. the proofs of [17, Lemma 2.1] and [57, Proposition 3.2]. The 2-sphere S minus a disk sews together with a Seifert surface for K 2 to give a symplectic surface C in M of genus k and self-intersection −2 which intersects the rim torus R once. By smoothing the double point we get a symplectic surface Σ M in M of genus g = k + 1 and self-intersection 0 which represents C + R.
The complement of the surface Σ M in M is simply-connected: This follows because we can assume that R ∪ S in the elliptic surface E(2m) is contained in an embedded nucleus N (2), cf. [23, 24] and Example 30. Inside the nucleus N (2) there exists a cusp which is homologous to R and disjoint from it. The cusp is still contained in M and intersects the surface Σ M once. Since M is simply-connected and the cusp homeomorphic to S 2 , the claim π 1 (M \ Σ M ) = 1 follows 1 . Let t ≥ 1 be an arbitrary integer and K 3 the (2h + 1, −2)-torus knot of genus h = tk. Consider the generalized fibre sum
where g = k + 1. Then X is a simply-connected symplectic 4-manifold with invariants
The canonical class is given by
Hence K X has divisibility d, since the class mF + R + tΣ M has intersection 1 with Σ M . We get:
Theorem 19. Let d ≥ 2 be an even integer. Then for every pair of positive integers m, t there exists a simply-connected closed spin symplectic 4-manifold X with invariants
such that the canonical class K X has divisibility d.
Note that this solves by Lemma 1 and Rochlin's theorem the existence question for simply-connected 4-manifolds with canonical class divisible by an even integer and negative signature. In particular (for d = 2), every possible lattice point with c 2 1 > 0 and σ < 0 can be realized by a simply-connected spin symplectic 4-manifold with this construction (the existence of such 4-manifolds has been proved before in [44] in a similar way).
Example 20 (Spin homotopy Horikawa surfaces). To identify the homeomorphism type of some of the manifolds in Theorem 19, let d = 2k, hence
We consider the case when the invariants are on the Noether line c 2 1 = 2χ h − 6: This happens if and only if 6tk 2 = 4m − 6 hence 2m = 3tk 2 + 3, which has a solution if and only if both t and k are odd. Hence for every pair of odd integers t, k ≥ 1 there exists a simply-connected symplectic 4-manifold X with invariants
such that the divisibility of K X is 2k. By a construction of Horikawa [28] there exists for every odd integer r ≥ 1 a simply-connected spin complex algebraic surface M on the Noether line with invariants
See also [24, Theorem 7.4.20] where this surface is called U (3, r + 1).
By Freedman's theorem [19] the symplectic 4-manifolds X constructed above for odd parameters t and k are homeomorphic to spin Horikawa surfaces with r = tk 2 . If k > 1 and t is arbitrary, the canonical class of X has divisibility 2k > 2. In this case the manifold X cannot be diffeomorphic to a Horikawa surface: It is known by [28] that all Horikawa surfaces M have a fibration in genus 2 curves, hence by Lemma 2 the divisibility of K M is at most 2 and in the spin case it is equal to 2. Since Horikawa surfaces are minimal complex surfaces of general type, the claim follows by Proposition 7.
7. NON-SPIN SYMPLECTIC 4-MANIFOLDS WITH c 2 1 > 0 AND NEGATIVE
SIGNATURE
In this section we construct some families of simply-connected symplectic 4-manifolds with c 2 1 > 0 such that the divisibility of K is a given odd integer d > 1. However, we do not have a complete existence result as in Theorem 19. We consider the case that the canonical class K X is divisible by an odd integer d and the signature σ(X) is divisible by 8.
Lemma 21. Let X be a closed simply-connected symplectic 4-manifold such that K X is divisible by an odd integer d ≥ 1 and σ(X) is divisible by 8. Then c 2 1 (X) is divisible by 8d 2 .
Proof. Suppose that σ(X) = 8m for some integer m ∈ Z. Then b
Since X is symplectic, the integer b + 2 (X) is odd, so we can write b + 2 (X) = 2k + 1 for some k ≥ 0. This implies e(X) = 4k + 4 − 8m, hence e(X) is divisible by 4. The equation c 2 1 (X) = 2e(X) + 3σ(X) shows that c 2 1 (X) is divisible by 8. Since c 2 1 (X) is also divisible by the odd integer d 2 , the claim follows.
The following theorem covers the case that K X has odd divisibility and the signature is negative, divisible by 8 and ≤ −16:
Theorem 22. Let d ≥ 1 be an odd integer. Then for every pair of positive integers n, t with n ≥ 2 there exists a simply-connected closed non-spin symplectic 4-manifold X with invariants
Proof. The proof is similar to the proof of Theorem 19. We can write d = 2k + 1 with k ≥ 0. Suppose that n = 2m + 1 is odd where m ≥ 1. In the proof of Theorem 15 a homotopy elliptic surface M with χ h (M ) = n was constructed from the elliptic surface E(n) by doing knot surgery along a general fibre F with a fibred knot K 1 of genus g 1 = 2km + k + 1 and a further knot surgery along a rim torus R with a fibred knot K 2 of genus g 2 = 2k + 1 = d. The canonical class is given by
There exist a symplectically embedded 2-sphere S in E(n) of self-intersection −2 which sews together with a Seifert surface for K 2 to give a symplectic surface C in M of genus d and self-intersection −2 which intersects the rim torus R once. By smoothing the double point we get a symplectic surface Σ M in M of genus g = d + 1 and self-intersection 0 which represents C + R. Using a cusp which intersects Σ M once, it follows as above that the complement M \ Σ M is simplyconnected. Let t ≥ 1 be an arbitrary integer and K 3 the (2h + 1, −2)-torus knot of genus h = td. We consider the generalized fibre sum
where g = d + 1. Then X is a simply-connected symplectic 4-manifold with invariants
Hence K X has divisibility d, since the class (2m + 1)F + 2R + 2tΣ M has intersection 2 with Σ M and intersection (2m + 1) with a surface coming from a section of E(n) and a Seifert surface for K
The same construction as above yields a simply-connected symplectic 4-manifold X with invariants
Hence K X has again divisibility d. 
CONSTRUCTION OF INEQUIVALENT SYMPLECTIC STRUCTURES
In this section we prove a result similar to a theorem of Smith [52, Theorem 1.5] which can be used to show that certain 4-manifold X admit inequivalent symplectic structures, where "equivalence" is defined in the following way, cf. [38] :
Definition 25. Two symplectic forms on a closed oriented 4-manifold M are called equivalent, if they can be made identical by a combination of deformations through symplectic forms and orientation preserving self-diffeomorphisms of M .
The canonical classes of equivalent symplectic forms have the same (maximal) divisibility as elements of H 2 (M ; Z). This follows because deformations do not change the canonical class and the application of an orientation preserving selfdiffeomorphism does not change the divisibility.
We will use the following lemma.
Lemma 26. Let (M, ω) be a symplectic 4-manifold with canonical class K. Then the symplectic structure −ω has canonical class −K.
Proof. Let J be an almost complex structure on M , compatible with ω. Then −J is an almost complex structure compatible with −ω. The complex vector bundle (T M, −J) is the conjugate bundle to (T M, J). By [40] this implies that c 1 (T M, −J) = −c 1 (T M, J). Since the canonical class is minus the first Chern class of the tangent bundle, the claim follows.
Let M K × S 1 be a 4-manifold used in knot surgery where K is a fibred knot of genus h. Let T K be a section of the fibre bundle
T 2 and B K a fibre. We fix an orientation on T K and choose the orientation on B K such that T K · B K = +1. There exist symplectic structures on M K × S 1 such that both the fibre and the section are symplectic. We can choose such a symplectic structure ω + which restricts to both T K and B K as a positive volume form with respect to the orientations. It has canonical class
by the adjunction formula. We also define the symplectic form ω − = −ω + . It restricts to a negative volume form on T K and B K . The canonical class of this symplectic structure is
Let X be a closed oriented 4-manifold with torsion free cohomology which contains an embedded oriented torus T X of self-intersection 0, representing an indivisible homology class. We form the oriented 4-manifold
by doing the generalized fibre sum along the pair (T X , T K ) of oriented tori. Suppose that X has a symplectic structure ω X such that T X is symplectic. We consider two cases: If the symplectic form ω X restricts to a positive volume form on T X we can glue this symplectic form to the symplectic form ω + on M K × S 1 to get a symplectic structure ω
The canonical class of this symplectic structure is K
as seen above, cf. equation (3).
Lemma 27. Suppose that ω X restricts to a negative volume form on T X . We can glue this symplectic form to the symplectic form ω − on M K ×S 1 to get a symplectic structure ω
The canonical class of this symplectic structure is
Proof. We use Lemma 26 twice: The symplectic form −ω X restricts to a positive volume form on T X . We can glue this symplectic form to the symplectic form ω + on M K × S 1 which also restricts to a positive volume form on T K . By the standard formula (3) we get for the canonical class of the resulting symplectic form on
The symplectic form ω
we want to consider is minus the symplectic form we have just constructed. Hence its canonical class is K
Lemma 28. Let (M, ω) be a closed symplectic 4-manifold with canonical class K M . Suppose that M contains pairwise disjoint embedded oriented Lagrangian surfaces T 1 , . . . , T r+1 (r ≥ 1) with the following properties:
• The classes of the surfaces T 1 , . . . , T r are linearly independent in H 2 (M ; R).
• The surface T r+1 is homologous to a 1 T 1 +. . .+a r T r , where all coefficients a 1 , . . . , a r are positive integers. Then for every non-empty subset S ⊂ {T 1 , . . . , T r } there exists a symplectic form ω S on M with the following properties:
• All surfaces T 1 , . . . , T r+1 are symplectic.
• The symplectic form ω S induces on the surfaces in S and the surface T r+1 a positive volume form and on the remaining surfaces in {T 1 , . . . , T r } \ S a negative volume form.
Moreover, the canonical classes of the symplectic structures ω S are all equal to K M . We can also assume that any given closed oriented surface in M disjoint from the surfaces T 1 , . . . , T r+1 , which is symplectic with respect to ω, stays symplectic for ω S with the same sign of the induced volume form.
Proof. The proof is similar to the proof of [21, Lemma 1.6]. We can assume that S = {T s+1 , . . . , T r } with s + 1 ≤ r. Let
Since the classes of the surfaces T 1 , . . . , T r are linearly independent in H 2 (M ; R) and H 2 DR (M ) is the dual space of H 2 (M ; R) there exists a closed 2-form η on M with the following properties:
Note that we can choose the value of η on T 1 , . . . , T r arbitrarily. The value on T r+1 is then determined by T r+1 = a 1 T 1 + . . . + a r T r . We can choose symplectic forms ω i on each T i such that
η, for all i = 1, . . . , r + 1.
The symplectic form ω i induces on T i a negative volume form if i ≤ s and a positive volume form if i ≥ s + 1. The difference ω i − j * i η, where j i : T i → M is the embedding, has vanishing integral and hence is an exact 2-form on T i of the form dα i . We can extend each α i to a small tubular neighbourhood of T i in M , cut it off differentiably in a slightly larger tubular neighbourhood and extend by 0 to all of M . We can do this such that the tubular neighbourhoods of T 1 , . . . , T r+1 are pairwise disjoint. Define the closed 2-form
The closed 2-form ω = ω + tη is for small values of t symplectic. Since the surfaces T i are Lagrangian, we have j * i ω = 0 and hence j * i ω = tω i . This implies that ω is for small values t > 0 a symplectic form on M which induces a volume form on T i of the same sign as ω i for all i = 1, . . . , r + 1. The claim about the canonical class follows because the symplectic structures ω S are constructed by a deformation of ω. We can also choose t > 0 small enough such that ω still restricts to a symplectic form on any given symplectic surface disjoint from the tori without changing the sign of the induced volume form on this surface. This construction will be used in the following way: Suppose that (V 1 , ω 1 ) and (V 2 , ω 2 ) are symplectic 4-manifolds, such that V 1 contains an embedded Lagrangian torus T 1 and V 2 contains an embedded symplectic torus T 2 , both oriented and of self-intersection 0. Let W denote the smooth oriented 4-manifold Hence the symplectic forms on the first manifold differ only by a small perturbation, while on the second manifold they differ by the sign. Similarly, the canonical classes of both perturbed symplectic forms on V 1 are the same, while they differ by the sign on V 2 . If additional tori exist and suitable fibre sums performed, it is possible to end up with two or more inequivalent symplectic forms on the same 4-manifold, distinguished by the divisibilities of their canonical classes.
To define the configuration of tori we want to consider, recall that the nucleus N (n) is the smooth manifold with boundary defined as a regular neighbourhood of a cusp fibre and a section in the simply-connected elliptic surface E(n), cf. [22] . It contains an embedded torus given by a regular fibre homologous to the cusp. It also contains two embedded disks of self-intersection −1 which bound vanishing cycles on the torus. The vanishing cycles are the simple-closed loops given by the factors in T 2 = S 1 × S 1 .
Definition 29 (Lagrangian triple)
. Let (M, ω) be a symplectic 4-manifold. Given an integer a ≥ 1, a Lagrangian triple consists of three pairwise disjoint oriented Lagrangian tori T 1 , T 2 , R embedded in M with the following properties:
• All three tori have self-intersection 0 and represent indivisible classes in integral homology.
• T 1 , T 2 are linearly independent over Q and R is homologous to aT 1 + T 2 .
• There exists an embedded nucleus N (2) ⊂ M which contains the torus R, corresponding to a general fibre. Let S denote the 2-sphere in N (2) of self-intersection −2, corresponding to a section. In addition to intersecting R, this sphere is assumed to intersect T 2 transversely once.
• The torus T 1 is disjoint from the nucleus N (2) above and there exists an embedded 2-sphere S 1 in M , also disjoint from N (2), which intersects T 1 transversely and positively once.
See Figure 1 . The assumptions imply that
Example 30. Let M be the elliptic surface E(n) with n ≥ 2. In this example we show that E(n) contains n − 1 disjoint Lagrangian triples (T i 1 , T i 2 , R i ) as above, where R i is homologous to a i T i 1 + T i 2 , for i = 1, . . . , n − 1. The integers a i > 0 and R i are contained in disjoint embedded nuclei N (2). Together with their dual 2-spheres they realize 2(n − 1) H-summands in the intersection form of E(n). In particular, the tori in different triples are linearly independent. We can also achieve that all Lagrangian tori and the 2-spheres that intersect them once are disjoint from the nucleus N (n) ⊂ E(n), defined as a regular neighbourhood of a cusp fibre and a section in E(n).
The construction is similar to [23, Section 2] and is done by induction. Suppose the Lagrangian triples are already constructed for E(n) and consider a splitting of E(n + 1) as a fibre sum E(n + 1) = E(n)# F =F E(1) along general fibres F . We choose fibred tubular neighbourhoods for the general fibres in E(n) and E(1). The boundary of E(1) \ int νF is diffeomorphic to F × S 1 . Let γ 1 , γ 2 be two simple closed loops spanning the torus F and m the meridian to F , spanning the remaining S 1 factor. We consider the following three tori
The tori are made disjoint by pushing them inside a collar of the boundary into the interior of E(1)\int νF such that V 2 is the innermost and V 0 the outermost (closest to the boundary). The torus V 0 can be assumed symplectic, while V 1 and V 2 are rim tori which can be assumed Lagrangian. Similarly the boundary of E(n) \ int νF is diffeomorphic to F × S 1 , where F is spanned by the circles γ 1 , γ 2 and S 1 by the circle m and corresponding circles get identified in the gluing of the fibre sum. In the interior of E(n) \ int νF we consider three tori V 0 , V 1 , V 2 as above which get identified with the corresponding tori on the E(1) side in the gluing. On the E(n) side, the torus V 0 is the innermost and V 2 the outermost.
We can choose elliptic fibrations such that near the general fibre F there exist two cusp fibres in E(1) and three cusp fibres in E(n). This is possible because E(m) has an elliptic fibration with 6m cusp fibres for all m, cf. [24, Corollary 7.3.23]. The corresponding vanishing disks can be assumed pairwise disjoint. We can also choose three disjoint sections for the elliptic fibration on E(1) and one section for E(n).
The nuclei can now be defined as follows: The nucleus N (n + 1) containing V 0 has a dual −(n + 1)-sphere sewed together from sections on each side of the fibre sum. The vanishing disks for V 0 come from the first cusp in E(n). The nucleus N (2) containing V 1 has a dual −2-sphere sewed together from two vanishing cycles parallel to γ 2 coming from the first cusp in E(1) and the second cusp in E(n). The vanishing disks for V 1 come from the second section of E(1) and from the vanishing cycle parallel to γ 1 of the second cusp in E(n). The nucleus N (2) containing V 2 has a dual −2-sphere sewed together from two vanishing cycles parallel to γ 1 coming from the second cusp in E(1) and the third cusp in E(n). The vanishing disks for V 1 come from the third section of E(1) and from the vanishing cycle parallel to γ 2 of the second cusp in E(1).
To define the Lagrangian triple (T 1 , T 2 , R) let T 1 = V 1 and R = V 2 . Denote by c a : S 1 → F = S 1 × S 1 the embedded curve given by the (−a, 1)-torus knot and let T 2 denote the Lagrangian rim torus Suppose (M, ω) is a simply-connected symplectic 4-manifold which contains a Lagrangian triple T 1 , T 2 , R. Let K 1 and K 2 be fibred knots of genera h 1 , h 2 to be chosen later. Consider the associated oriented 4-manifolds M K i ×S 1 as in the knot surgery construction and denote sections of the fibre bundles
by T K i , which are tori of self-intersection 0. We choose an orientation on each torus T K i . Note that the Lagrangian tori T 1 , T 2 in M are oriented a priori. We construct a smooth oriented 4-manifold X in three steps as follows: For an integer m ≥ 1 consider the elliptic surface E(m) and denote an oriented general fibre by F . Let M 0 denote the smooth generalized fibre sum
The gluing diffeomorphism is chosen in the following way: the push-offs R and F into the boundary of the tubular neighbourhoods νR and νF each contain a pair of vanishing cycles. We choose the gluing such that the push-offs and the vanishing cycles get identified. The corresponding vanishing disks then sew together pairwise to give two embedded spheres of self-intersection −2 in M 0 , which can be assumed disjoint by choosing two different push-offs given by the same trivializations.
Denote the torus in M 0 coming from the push-off R by R 0 . There exist two disjoint tori in M 0 , still denoted by T 1 , T 2 , such that R 0 is homologous to aT 1 + T 2 in M 0 . In the second step of the construction we do a knot surgery with the fibred knot K 1 along the torus T 1 in M 0 to get the oriented 4-manifold
The manifold M 1 contains a torus which we still denote by T 2 . We do a knot surgery with the fibred knot K 2 along the torus T 2 to get the oriented 4-manifold
Lemma 32. The closed oriented 4-manifold
is simply-connected.
Proof. The existence of the sphere S shows that M \ R is simply-connected. Since E(m) \ F is simply-connected, it follows that M 0 is simply-connected. The sphere S and a section for the elliptic fibration on E(m) sew together to give an embedded sphere S 2 in M 0 of self-intersection −(m + 2). The sphere S 1 in M is disjoint from R and hence is still contained in M 0 . These spheres have the following intersections:
• The sphere S 1 intersects T 1 transversely once, has intersection −a with T 2 and is disjoint from R 0 .
• The sphere S 2 intersects R 0 and T 2 transversely once and is disjoint from T 1 . The sphere S 1 shows that M 0 \ T 1 is simply-connected, hence M 1 is simplyconnected. The sphere S 2 in M 0 is disjoint from T 1 , hence it is still contained in M 1 and intersects T 2 once. By the same argument this shows that the manifold X is simply-connected.
We define two symplectic forms ω + X and ω − X on X: By Lemma 28 there exist two symplectic structures ω + , ω − on M with the same canonical class K M as ω such that
• The tori T 1 , T 2 , R are symplectic with respect to both symplectic forms.
• The form ω + induces on T 1 , T 2 and R a positive volume form.
• The form ω − induces on T 1 a negative volume form and on T 2 and R a positive volume form. We can also achieve that the sphere S is symplectic with positive volume form in both cases.
On the elliptic surface E(m) we can choose a symplectic (Kähler) form ω E which restricts to a positive volume form on the oriented fibre F . It has canonical class K E = (m − 2)F. We can glue both symplectic forms ω + and ω − on M to the symplectic form ω E on E(m) to get symplectic forms ω 
Since rim tori exist in this fibre sum, Theorem Theorem 11 cannot be applied directly. However, the formula remains correct, because rim tori do not contribute in this case, cf. [25, Section V.6.1] for details.
We want to extend the symplectic forms to the 4-manifold X: First we choose in each fibre bundle M K i × S 1 a fibre B K i and orient the surface B K i such that T K i · B K i = +1 with the chosen orientation on T K i . There exist symplectic structures on the closed 4-manifolds M K i × S 1 such that both the section and the fibre are symplectic. On M K 1 × S 1 we choose two symplectic forms ω 
On the manifold M K 2 ×S 1 we only choose a symplectic form ω 2 which induces a positive volume form on T K 2 and B K 2 . The canonical class is given by
The oriented torus T 1 in M 0 is symplectic for both forms ω 
by Lemma 27.
The torus T 2 can be considered as a symplectic torus in M 1 such that both symplectic structures induce positive volume forms, since we can assume that the symplectic forms on M 1 are still of the form ω Hence on the generalized fibre sum X = M 1 # T 2 =T K 2 M K 2 × S 1 we can glue each of the two symplectic forms on M 1 to the symplectic form ω 2 on M K 2 × S 1 . We get two symplectic structures on X with canonical classes
This can be written using R 0 = aT 1 + T 2 as
Theorem 33. Suppose that (M, ω) is a simply-connected symplectic 4-manifold which contains a Lagrangian triple T 1 , T 2 , R such that R is homologous to aT 1 + T 2 . Let m be a positive integer and K 1 , K 2 fibred knots of genus h 1 and h 2 . Then the closed oriented 4-manifold
is simply-connected and admits two symplectic structures ω
Remark 34. Instead of doing the generalized fibre sum with E(m) in the first step of the construction, we could also do a knot surgery with a fibred knot K 0 of genus h 0 ≥ 1. This has the advantage that both c 2 1 and the signature do not change under the construction. However, the sphere S 2 in M 0 is then replaced by a surface of genus h 0 , sewed together from the sphere S in M and a Seifert surface for K 0 . Hence it is no longer clear that M 1 \ T 2 and X are simply-connected.
The following two surfaces are useful in applications to determine the divisibility of the canonical classes in Theorem 33.
Lemma 35.
There exists an oriented surface C 2 in X which has intersection C 2 T 2 = 1 and is disjoint from T 1 .
The surface C 2 is sewed together from the sphere S 2 and a Seifert surface for
Lemma 36. There exists an oriented surface C 1 in X which has intersection C 1 T 1 = 1 and is disjoint from T 2 .
Proof. The surface C 1 can be constructed explicitly as follows: In the nucleus N (2) ⊂ M containing R we can find a surface of some genus homologous to aS and intersecting both R and T 2 in a positive transverse intersections. Tubing this surface to the sphere S 1 we get a surface A in M which has intersection number AT 2 = 0 and intersects T 1 transversely once. By increasing the genus we can achieve that A is disjoint from T 2 . The surface A still intersects the torus R in a points. Sewing the surface A to a surface in E(m) homologous to a times a section we get a surface B in M 0 , disjoint from T 2 and intersecting T 1 once. Sewing this surface to a Seifert surface for K 1 we get a surface C 1 in X with C 1 T 1 = 1, disjoint from T 2 .
EXAMPLES OF INEQUIVALENT SYMPLECTIC STRUCTURES
This section contains some applications of the construction in Section 8. We start with the following definition: We can now formulate the main theorem on the existence of inequivalent symplectic structures on homotopy elliptic surfaces: Choose an integer n ≥ 3 as follows:
• If d is odd, let n be an arbitrary integer with n ≥ 2N + 1.
• If d is even, let n be an even integer with n ≥ 3N + 1.
Then there exists a homotopy elliptic surface W with χ h (W ) = n and the following property: For each integer q ∈ Q the manifold W admits a symplectic structure whose canonical class K has divisibility equal to q. Hence W admits at least |Q| many inequivalent symplectic structures.
Proof. The proof splits into three cases depending on the parity of d. In each case we follow the construction in Section 8, starting from the manifold M = E(l), where l is an integer ≥ N + 1. By Example 30 the manifold E(l) contains N pairwise disjoint Lagrangian triples
2 , for indices i = 1, . . . , N . The construction is done on each triple separately 2 and involves knot surgeries along T i 1 and T i 2 with fibred knots of genus h i and h, respectively, as well as fibre summing with elliptic surfaces E(m) along the tori R i . The numbers a i , h i , h and m will be fixed in each case.
Suppose that d is odd. Then all divisors d 1 , . . . , d N are odd. Consider the integers defined by
Let l be an integer ≥ N + 1 and do the construction above, starting from the elliptic surface E(l). We get a (simply-connected) homotopy elliptic surface X with χ h (X) = l + N . By Theorem 33 the 4-manifold X has 2 N symplectic structures with canonical classes
Here F denotes the torus in X coming from a general fibre in E(l) and the ±-signs in each summand can be varied independently. We can assume that F is symplectic with positive induced volume form for all 2 N symplectic structures on X. Consider the even integer l(d − 1) + 2 and let K be a fibred knot of genus g = 1 2 (l(d − 1) + 2). We do knot surgery with K along the symplectic torus F to get a homotopy elliptic surface W with χ h (W ) = l + N having 2 N symplectic structures whose canonical classes are given by
Suppose that q ∈ Q is the greatest common divisor of certain elements {d i } i∈I , where I is a non-empty subset of {0, . . . , N }. Let J be the complement of I in {0, . . . , N }. Choosing the minus sign for each i in I and the plus sign for each i in J defines a symplectic structure ω I on W with canonical class given by
We claim that the divisibility of K W is equal to q. Since q divides d and all integers d i for i ∈ I, the class K W is divisible by q. Considering the surfaces from Lemma 35 and Lemma 36 for each Lagrangian triple separately implies that every number that divides K W is odd (since it divides d) and a common divisor of all d i with indices i ∈ I. This proves the claim.
Suppose that d is even but not divisible by 4. We can write d = 2k and d i = 2k i for all i = 1, . . . , N . The assumption implies that all integers k, k i are odd. Consider the integers defined by
Let l be an even integer ≥ N + 1 and consider the construction above, starting from E(l). We get a homotopy elliptic surface X with χ h (X) = l + 2N . The 4-manifold X has 2 N symplectic structures with canonical classes
Consider a fibred knot K of genus g = 1 2 (l(d − 1) + 2) (note that l is even). Doing knot surgery with K along the symplectic torus F in X we get a homotopy elliptic surface W with χ h (W ) = l + 2N having 2 N symplectic structures whose canonical classes are
Let q ∈ Q be the greatest common divisor of elements d i where i ∈ I for some non-empty index set I with complement J in {0, . . . , N }. Choosing the plus and minus signs as before, we get a symplectic structure ω I on W with canonical class
As above, it follows that the canonical class of ω I has divisibility equal to q. Finally we consider the case that d is divisible by 4. We can write d = 2k and d i = 2k i for all i = 1, . . . , N . We can assume that the divisors are ordered as in Definition 37, i.e. d 1 , . . . , d s are those elements such that d i is divisible by 4 while d s+1 , . . . , d N are those elements such that d i is not divisible by 4. This is equivalent to k 1 , . . . , k s being even and k s+1 , . . . , k N odd. Consider the integers defined by
for i = 1, . . . , s, and
Let l be an even integer ≥ N + 1. We consider the same construction as above starting from E(l) to get a homotopy elliptic surface X with χ h (X) = l + 2N that has 2 N symplectic structures with canonical classes given by the formula
We then do knot surgery with a fibred knot K of genus g = 1 2 (l(d − 1) + 2) along the symplectic torus F in X to get a homotopy elliptic surface W with χ h (W ) = l + 2N having 2 N symplectic structures whose canonical classes are
Let q be an element in Q. Note that this time
Since q is the greatest common divisor of certain elements d i for i ≤ s and 2d i for i ≥ s + 1, it follows as above that we can choose the plus and minus signs appropriately to get a symplectic structure ω I on W whose canonical class has divisibility equal to q. Then Q = {45, 15, 9, 5, 3, 1} and for every integer n ≥ 7 there exists a homotopy elliptic surfaces W with χ h (W ) = n that admits at least 6 inequivalent symplectic structures whose canonical classes have divisibilities given by the elements in Q. One can also find an infinite family of homeomorphic but non-diffeomorphic manifolds of this kind.
Corollary 40. Let m ≥ 1 be an arbitrary integer.
• There exist simply-connected non-spin 4-manifolds W homeomorphic to the elliptic surfaces E(2m + 1) and E(2m + 2) 2 which admit at least 2 m inequivalent symplectic structures.
• There exist simply-connected spin 4-manifolds W homeomorphic to E(6m− 2) and E(6m) which admit at least 2 2m−1 inequivalent symplectic structures and spin manifolds homeomorphic to E(6m + 2) which admit at least 2 2m inequivalent symplectic structures. 
obtained by deleting the corresponding prime in d. Then the associated set Q of greatest common divisors consists of all products of the p i where each prime occurs at most once: If such a product x does not contain precisely the primes p i 1 , . . . , p ir then x is the greatest common divisor of d i 1 , . . . , d ir . The set Q has 2 N elements. Let m ≥ 1 be an arbitary integer. Setting N = m there exists by Theorem 38 for every integer n ≥ 2N + 1 = 2m + 1 a homotopy elliptic surface W with χ h (W ) = n which has 2 m symplectic structures realizing all elements in Q as the divisibility of their canonical classes. Since d is odd, the 4-manifolds W are non-spin.
Setting N = 2m − 1 there exists for every even integer n ≥ 3N + 1 = 6m − 2 a homotopy elliptic surface W with χ h (W ) = n which has 2 2m−1 symplectic structures realizing all elements in Q multiplied by 2 as the divisibility of their canonical classes. Since all divisibilities are even, the manifold W is spin. Setting N = 2m we can choose n = 6m + 2 to get a spin homotopy elliptic surface W with χ h (W ) = 6m + 2 and 2 2m inequivalent symplectic structures. and the following property: For each integer q ∈ Q the manifold W admits a symplectic structure whose canonical class K has divisibility equal to q. Hence W admits at least |Q| many inequivalent symplectic structures.
Proof. Let l = 2m−2N . By the construction of Theorem 19 there exists a simplyconnected symplectic spin 4-manifold X with invariants
In particular, the canonical class of X has divisibility d. In the construction of X starting from the elliptic surface E(l) we have only used one Lagrangian rim torus. Hence l − 2 of the l − 1 triples of Lagrangian rim tori in E(l) (cf. Example 30) remain unchanged. Note that l − 2 ≥ N by our assumptions. Since the symplectic form on E(l) in a neighbourhood of these tori does not change in the construction of X by the Gompf fibre sum, we can assume that X contains at least N triples of Lagrangian tori as in the proof of Theorem 38. We can now use the same construction as in this theorem on the N triples of Lagrangian tori in X to get a simply-connected spin 4-manifold W with invariants
admitting 2 N symplectic structures. In particular, for each q ∈ Q the manifold W admits a symplectic structure ω I whose canonical class is given by the formulas in equation (6) and (7) where the term dlF is replaced by K X = d(
. It follows again that the canonical class of ω I has divisibility precisely equal to q. The 4-manifold W admits for every integer q ∈ Q a symplectic structure whose canonical class has divisibility equal to q. For the construction of branched coverings see Hirzebruch's article [27] . The smooth manifold M (F, B, m) has the following properties:
• Over the complement M = M \ F , the map φ : φ −1 (M ) → M is a standard m-fold cyclic covering.
• φ maps the submanifold F = φ −1 (F ) diffeomorphically onto F and on tubular neighbourhoods, φ : ν(F ) → ν(F ) is locally of the form
where D 2 is considered as the unit disk in C. 
Proof. The formula for e(N ) follows by a well-known formula for the Euler characteristic of a topological space decomposed into two pieces and the formula for standard, unramified coverings. The formula for c 2 1 (N ) then follows by the signature formula of Hirzebruch [27] :
Finally, the formula for K N can be found in 
We consider again the general situation that M is a smooth, oriented manifold and F an oriented submanifold of codimension 2. The fundamental group of M is related to the fundamental group of the complement M = M \ F by
where σ denotes the meridian to F , given by a circle fibre of ∂ν(F ) → F , and N (σ) denotes the normal subgroup in π 1 (M ) generated by this element (a proof can be found in the appendix of [25] ). Using this formula the fundamental group of a branched covering can be calculated in the following case.
Theorem 49. Let M n be a closed oriented manifold and F n−2 a closed oriented submanifold. Suppose in addition that the fundamental group of M is abelian. Then for all m and B with [F ] = mB there exists an isomorphism
Proof. Let k > 0 denote the maximal integer dividing [F ] . Since m divides k, we can write k = ma with a > 0. Let M denote the complement to F in M (F, B, m) and σ the meridian to F . By equation (8) we have
There is an exact sequence
is abelian implies that π 1 (M ) is also abelian. Therefore the normal subgroups generated by the meridians in these groups are cyclic and we get an exact sequence of subgroups
where σ is the meridian to F . The third map being a surjection implies that for every element α ∈ π 1 (M ) there is an integer r ∈ Z such that α + rσ maps to zero in Z m and hence is in the image of π * . In other words, the induced map
is surjective. The kernel of this map is equal to σ , hence
Again by equation (8) this implies π 1 (M (F, B, m)) ∼ = π 1 (M ).
We want to apply this theorem in the case where M is a 4-manifold and F is an embedded surface. Even if M is simply-connected the complement M does not have abelian fundamental group in general. However, in the complex case, we can use the following theorem of Nori [43, Proposition 3.27] .
Theorem 50. Let M be a smooth complex algebraic surface and D, E ⊂ M smooth complex curves which intersect transversely. Assume that
is a finitely generated abelian group.
In particular for E = ∅, this implies that the kernel of
is a finitely generated abelian group if D is connected and D 2 > 0, where M denotes M \ D. If M is simply-connected, it follows that π 1 (M ) is abelian. Hence with Theorem 49 we get:
Corollary 51. Let M be a simply-connected, smooth complex algebraic surface and D ⊂ M a smooth connected complex curve with D 2 > 0. Let M be a cyclic ramified cover of M branched over D. Then M is also simply-connected.
Catanese [7] has also used in a different situation restrictions on divisors to ensure that certain ramified coverings are simply-connected.
SURFACES OF GENERAL TYPE AND PLURICANONICAL SYSTEMS
In this section we collect some results concerning the geography of simplyconnected surfaces of general type and the existence of smooth divisors in pluricanonical systems.
The following result due to Persson [47, Proposition 3.23] is the main geography result we use for our constructions.
Theorem 52. Let x, y be positive integers such that
Then there exists a simply-connected minimal complex surface M of general type such that χ h (M ) = x and c 2 1 (M ) = y. Furthermore, M can be chosen as a genus 2 fibration.
The smallest integer x to get an inequality which can be realized with y > 0 is x = 3. Since χ h (M ) = p g (M ) + 1 for simply-connected surfaces, this corresponds to surfaces with p g = 2. Hence from Theorem 52 we get minimal simply-connected complex surfaces M with p g = 2 and K 2 = 1, 2, 3, 4.
Similarly for x = 4 we get surfaces with
For surfaces with K 2 = 1 or K 2 = 2 we have:
Proposition 53. For K 2 = 1 and K 2 = 2 all possible values for p g given by the Noether inequality K 2 ≥ 2p g − 4 can be realized by simply-connected minimal complex surfaces of general type.
Proof. By the Noether inequality, only the following values for p g are possible:
The cases K 2 = 1, p g = 2 and K 2 = 2, p g = 2, 3 are covered by Persson's theorem. In particular, the surfaces with K 2 = 1, p g = 2 and K 2 = 2, p g = 3 are Horikawa surfaces described in [28, 29] . The remaining cases can also be covered: The Barlow surface, constructed in [2] , is a simply-connected numerical Godeaux surface, i.e. a minimal complex surface of general type with
Simply-connected minimal surfaces of general type with K 2 = 1, 2 and p g = 1 exist by constructions due to Enriques, see [6, 9, 12] . Finally, Lee and Park have constructed in [34] a simply-connected minimal surface of general type with K 2 = 2, p g = 0. It is a numerical Campedelli surface.
Suppose M is a minimal smooth complex algebraic surface of general type and consider the multiples L = nK = K ⊗n of the canonical line bundle of M . By a theorem of Bombieri [5, 3] all divisors in the linear system |nK| are connected. If |nK| has no fixed parts and is base point free, it determines an everywhere defined holomorphic map to a projective space and we can find a non-singular divisor representing nK by taking the preimage of a generic hyperplane section.
Theorem 54. Let M be a minimal smooth complex algebraic surface of general type. Then the pluricanonical system |nK| determines an everywhere defined holomorphic map in the following cases:
• n ≥ 4
• n = 3 and K 2 ≥ 2 • n = 2 and K 2 ≥ 5 or p g ≥ 1.
For proofs and references see [4, 5, 10, 31, 39, 50] .
Remark 55. In some of the remaining cases it is also known that pluricanonical systems define a holomorphic map. In particular, suppose that M is a numerical Godeaux surface. Then the map defined by |3K| is holomorphic if H 1 (M ; Z) = 0 or Z 2 , e.g. if M is simply-connected [41, 49] . This is also known for the map defined by |2K| in the case of a simply-connected surface M with K 2 = 4, p g = 0 by [10, 32] .
BRANCHED COVERING CONSTRUCTION OF ALGEBRAIC SURFACES WITH DIVISIBLE CANONICAL CLASS
Suppose that M is a simply-connected minimal complex surface of general type. It follows that the image under Φ of the lattice points given by the constraints in Corollary 59 consists precisely of the points in the sector between the lines (9) and (10), which satisfy the constraint (11) and the constraints in Lemma 58.
The surfaces in Theorem 52 satisfy p g ≥ 2 and K 2 ≥ 1. By Theorem 54, the linear system |nK| for n ≥ 2 on these surfaces defines a holomorphic map, except possibly in the case p g = 2, K 2 = 1 and n = 3. Since n = ma and m ≥ 2, this occurs only for m = 3, a = 1 and d = 3. The corresponding image under Φ has invariants (e, c Example 61. We consider the Horikawa surfaces [28] on the Noether line c 2 1 = 2χ h − 6, which exist for every χ h ≥ 4 and are also given by Persson's theorem 52. In this case p g ≥ 3 and c 2 1 ≥ 2, hence by Theorem 54 the linear system |nK| for n ≥ 2 defines a holomorphic map on these surfaces. Remark 66. More general examples are possible by considering branched coverings over singular complex curves. The following example is described for instance in [24, Chapter 7] : Let B n,m denote the singular complex curve in CP 1 ×
